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Abstract
This paper analyzes the performance of linearly precoded time division duplex based multi-user massive MIMO
downlink system under joint impacts of channel non-reciprocity (NRC) and imperfect channel state information
(CSI). We consider a generic and realistic NRC model that accounts for transceiver frequency-response as well as
mutual coupling mismatches at both user equipment (UE) and base station (BS) sides. The analysis covers two most
prominent forms of linear precoding schemes, namely, zero-forcing (ZF) and maximum-ratio transmission (MRT),
and assumes that only the statistical properties of the beamformed channel are used at the UE side to decode the
received signal. Under the approximation of i.i.d. Gaussian channels, closed-form analytical expressions are derived
for the effective signal to interference and noise ratios (SINRs) and the corresponding capacity lower bounds. The
expressions show that, in moderate to high SNR, the additional interference caused by imperfect NRC calibration can
degrade the performance of both precoders significantly. Moreover, ZF is shown to be more sensitive to NRC than
MRT. Numerical evaluations with practical NRC levels indicate that this performance loss in the spectral efficiency
can be as high as 42% for ZF, whereas it is typically less than 13% for MRT. It is also shown that due to the NRC,
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the asymptotic large-antenna performance of both precoders saturate to an identical finite level. The derived analytical
expressions provide useful tools and valuable technical insight, e.g., into calculating the NRC calibration requirements
in BSs and UEs for any given specific performance targets in terms of effective SINR or the system capacity bound.
Index Terms
Capacity, channel reciprocity, frequency-response mismatch, inter-user interference, linear precoding, multi-user
massive MIMO, mutual coupling, SINR.
I. INTRODUCTION
Massive multiple-input multiple-output (MIMO) systems are envisioned to be one key enabling technology for the
next generation cellular networks, known as 5G [1], [2]. In massive MIMO systems, a base station (BS) uses an array
with a large number of antennas N to serve K user equipments (UEs) simultaneously on the same time-frequency
resource, where typically N  K [2]–[5]. Large-scale system analysis shows that linear precoding techniques, e.g.,
zero-forcing (ZF) and maximum ratio transmission (MRT) are asymptotically optimal with increasing N , while very
high spectral-efficiencies can already be achieved with N being in the order of several tens or hundreds [5]–[8].
The key requirement for employing the above precoding schemes is to have accurate channel state information
(CSI) at the BS for efficient multi-user spatial precoding. In conventional frequency-division duplex (FDD) based
MIMO systems, where the number of BS antennas is relatively low, UEs commonly estimate downlink (DL) channels
based on the received DL training signals transmitted by the BS, and feed the estimated DL channels back to the
BS [9]. The number of DL pilots required for estimating the channels is proportional to the number of antennas in
the BS which complicates the adoption of such DL channel estimation and reporting methods in massive MIMO
systems. As an alternative approach, massive MIMO systems are typically assumed to employ time-division duplex
(TDD), and thus estimate the DL channel based on uplink (UL) pilots, relying on the reciprocity of the physical DL
and UL channels within channel coherence interval [10]. Thereby, the required amount of resources in such a TDD
based approach is only proportional to the number of served UEs which is typically much smaller than the number
of BS antennas, i.e., K  N [5], [10].
The channel reciprocity in TDD systems holds only for the physical propagation channels. However, when the
effective baseband-to-baseband transmission channels between the BS and UEs are considered, incorporating also
the impacts of the involved transceiver circuits and antenna systems, the reciprocity does not hold anymore due to
the mismatches in transmit and receive mode characteristics of the transceivers and antenna systems [11]–[14]. More
specifically, such mismatch characteristics include the unavoidable differences between the frequency-responses
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(FRs) of transmitter and receiver chains of any individual transceiver, as well as the mutual coupling effects between
the antenna elements in multi-antenna devices [15]–[17]. The impacts of such transceiver hardware and antenna
system induced non-reciprocity, also commonly referred to as channel non-reciprocity (NRC), have been studied
for massive MIMO systems to a certain extent in [18]–[22]. To this end, [18]–[22] study the system performance
degradation in terms of signal to interference and noise ratios (SINRs) and the corresponding achievable rates due
to NRC, while assuming otherwise ideal system with perfect CSI. Furthermore, the system models in [20]–[22]
consider only FR mismatch and thus ignore the NRC induced by possible mutual coupling mismatches, reported,
e.g., in [15]–[17], [19] to be one important practical source of non-reciprocity. Furthermore, only the BS side NRC
is considered in [19], [20].
In this paper, we analyze the SINR and achievable sum-rate of linearly precoded TDD multi-user massive MIMO
DL transmission systems under the joint impacts of imperfect CSI and NRC. We consider a generic and realistic
NRC model which takes into account both the FR and mutual coupling mismatches at the UEs and the BS. The
analysis is carried out for the two most widely-adopted forms of linear precoding, namely, ZF and MRT. As in [7],
[22]–[24], we also assume that UEs rely only on statistical DL CSI to decode the received signals, and thus more
sophisticated precoding schemes, e.g., block diagonalization-based precoding, requiring instantaneous demodulation
CSI at UE receivers are excluded. Based on the developed signal and system models, closed-form expressions are
derived for the effective SINRs and the corresponding capacity lower bounds. To highlight the substantial differences
between this work and the existing literature on performance analysis of NRC impaired massive MIMO systems,
we summarize the novel contributions of this manuscript as follows:
1) In contrast to the simplified NRC models in [20]–[22] which consider only FR mismatches, a more practical and
generic NRC model is considered in this work which incorporates both FR and mutual coupling mismatches
in both BS and UE sides.
2) In contrast to the existing literature, the analysis in this work does not impose any restrictions on the structure
of NRC matrices and the involved NRC variables, in terms of their statistical distributions or mutual correlation.
Therefore, in addition to covering the systems without explicit NRC calibration, the provided analytical results
can also be used in connection with residual non-reciprocity after any given NRC calibration method, e.g.,
[25]–[27].
3) In contrast to [19], [21], a performance comparison between ZF and MRT precoding schemes is also carried
out which shows the relative sensitivity of these precoders to different NRC levels, with and without UL
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channel estimation errors, in both non-asymptotic and asymptotic cases.
4) In contrast to [18]–[22] which consider NRC alone, in this work we consider the joint impacts of co-existing
NRC and UL channel estimation errors (called imperfect CSI).
5) In contrast to [18]–[22], the derived analytical expressions decompose the total received interference into two
parts, namely, interference power due to imperfect CSI, without NRC, and the interference term due to NRC
(see expression (20) for ZF, and (25) for MRT). With this decomposition, it is straightforward to quantify
the specific performance degradation due to NRC with respect to the ideal reciprocal case, and also to draw
technical insight and establish design criteria for both UL pilot signaling and reciprocity calibration.
In general, given the specific performance targets, such as effective SINRs and/or capacity lower bound, the
derived analytical expressions reported in this manuscript can be directly used in designing and dimensioning the
system, e.g., choosing the appropriate precoder based on the performance-complexity trade-off, deciding on the
number of active antenna elements, and/or extracting the needed accuracy of NRC calibration schemes, as well as
understanding the trade-offs between UL pilot based channel estimation accuracy, NRC calibration accuracy and the
achievable system performance.
The rest of the paper is organized as follows. Section II describes the fundamental multi-user massive MIMO
system model under transceiver and antenna system non-reciprocity and imperfect CSI. Then, in Section III, analytical
expressions are derived for the effective DL SINR and capacity lower bound under ZF and MRT precoding schemes.
In Section IV, the asymptotic SINR and achievable rate expressions are derived for ZF and MRT precoding schemes,
and also an analytic performance comparison is pursued in both asymptotic and non-asymptotic cases. In Section V,
extensive numerical results are provided to evaluate and verify the derived analytical expressions and illustrate the
impact of various non-reciprocity sources and parameters on the system performance. Finally, conclusions are drawn
in Section VI. Selected details regarding the derivations of the reported analytic expressions are provided in an
Appendix.
Notations: Throughout this paper, matrices (vectors) are denoted with upper-case (lower-case) bold characters, e.g.,
V (v). The superscripts (.)T, (.)∗, and (.)H stand for transpose, conjugate, and conjugate-transpose, respectively.
Expectation operator is shown by E[.], Tr (.) represents the trace operator, Sum (.) yields the element-wise sum
of the argument matrix, while Var (.) and Cov (.) refer to the variance and covariance operators, respectively.
In and 0n denote n × n identity and all-zero matrices, respectively. The element in i-th row and j-th column
of matrix V is represented by vij . A diagonal matrix with elements (v1, · · · , vn) is shown by diag (v1, · · · , vn),
corresponding block-diagonal matrix is denoted by blkdiag (A1, · · · ,Ak), and CN
(
0, σ2
)
represents a circularly
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symmetric zero-mean complex Gaussian distribution with variance σ2.
II. SYSTEM MODEL
We consider precoded downlink data transmission in a TDD based multi-user massive MIMO system, where a
BS with N antennas serves K UEs simultaneously on the same time-frequency resource. The number of antennas
in k-th UE is denoted by Mk and
∑K
i=1Mk = Mtot, where N  Mtot. For notational convenience, we assume
that the total set of Mtot antennas at the UE side is logically indexed such that the first M1 antennas belong to UE
1, the next M2 antennas belong to UE 2, and so forth. We also assume that all antenna elements in the considered
system are omni-directional, for simplicity. We further assume that the spatial transmit signal vector is generated
using linear precoding techniques, e.g., ZF or MRT. All system models are written for an arbitrary subcarrier of the
underlying orthogonal frequency division multiplexing/multiple access (OFDM/OFDMA) waveform, that is, before
IFFT and after FFT on the TX and RX sides, respectively, without explicitly showing the subcarrier index. It is
further assumed that the cyclic prefix (CP) length is larger than the channel delay spread.
A. Uplink Training, Downlink Transmission and Effective Channels
The DL linear precoder is designed based on the CSI acquired from UL pilots. The fundamental multi-user signal
models for the UL pilot and DL data transmission phases can be expressed as [6], [28]
UL : Yp =
√
τuρuGX
p +Np
DL : r =
√
ρdHx+ n,
(1)
where G ∈ CN×Mtot and H ∈ CMtot×N are the effective UL and DL channel matrices, respectively, that are
explicitly defined in the next paragraph. Regarding the UL pilot signal model, ρu is the transmitted signal to noise
ratio (SNR) of the UL pilots, Yp = [yp1, · · · ,ypN ]T is the received signal matrix at the BS receiver, stacking the
received UL pilots over τu symbol durations, where ypn ∈ Cτu×1 contains the received UL pilots at n-th BS antenna,
and Np = [np1, · · · ,npN ]T is the additive receiver noise matrix at the BS with i.i.d. CN (0, 1) elements, where
npn ∈ Cτu×1 is the additive receiver noise sequence at n-th BS antenna. The matrix stacking all the transmitted
UL pilots at all the antennas in the UE side is shown by Xp =
[
xp1, · · · ,xpMtot
]T
, where xpm ∈ Cτu×1 is the UL
temporal pilot vector transmitted from m-th antenna in the UE side. Then, for the DL, r ∈ CMtot×1 denotes the
received multi-user DL signal vector corresponding to all Mtot antennas at the UE side, ρd is the transmitted SNR
of DL channel, and n ∈ CMtot×1 is the normalized additive receiver noise vector at UE side with i.i.d. CN (0, 1)
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Fig. 1. Principal illustration of (a) DL and (b) UL transmissions and receptions including physical propagation channels, transceiver frequency
responses and antenna mutual coupling in the devices in an example case of dual-antenna UEs.
elements. The precoded spatial transmit signal vector in the BS is shown by x = [x1, · · · , xN ]T, where xn is the
precoded sample transmitted from n-th antenna in the BS.
As illustrated in Fig. 1, the effective DL and UL channels are generally cascades of transceiver frequency-responses
and antenna mutual coupling at BS side, physical propagation channels, and transceiver frequency-responses and
antenna mutual coupling at UE side. Thus, the effective DL channel H and the effective UL channel G can be
written explicitly as [15], [16]
H = FRXDRXPTMTXBTX
G = BRXMRXPDTXFTX ,
(2)
where F = diag (f1, · · · , fMtot) is the total FR matrix of the UEs, D = blkdiag (D1, · · · ,DK) ∈ CMtot×Mtot is a
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block-diagonal matrix representing the antenna mutual coupling matrix at UE side, B = diag (b1, · · · , bN ) is the FR
matrix of the BS, M ∈ CN×N is the antenna mutual coupling matrix of the BS, and P ∈ CN×Mtot is the reciprocal
physical channel, while the superscripts TX and RX specify the transmit and receive modes, respectively. Notice
that while the overall UE side antenna mutual coupling matrices, DTX and DRX , are assumed to be block-diagonal,
because of clear physical separation of the different UE devices, the element matrices DTXk and D
RX
k are generally
full matrices of size Mk ×Mk.
B. Channel Non-Reciprocity Problem
As outlined above, in TDD networks the BS obtains DL CSI based on the estimated UL channel, since DL and
UL channels share the same spectrum and are assumed to be reciprocal within each channel coherence interval.
The reciprocal nature applies, however, only to the physical propagation channels shown in Fig. 1. In addition
to the physical channels, the effective channels also include the responses of electronics components used in the
transmitting and receiving devices which results into the effective DL and UL channels expressed in (2).
Based on (2), the relation between the effective DL and UL channels can now be expressed as
H = AGTC, (3)
where the matrices A and C are
A = FRXDRX
(
DTX
)−T (
FTX
)−1
C =
(
BRX
)−1 (
MRX
)−T
MTXBTX .
(4)
In (3) and (4), the matrices A ∈ CMtot×Mtot and C ∈ CN×N are incorporating the effects of transceivers and
antenna systems on the non-reciprocity in UEs and BS, respectively. The matrix A is block-diagonal and can in
general be written as A = IMtot +A
′ where A′ can be expressed as A′ = blkdiag (A′1, · · · ,A′K), while the full
matrix A′k ∈ CMk×Mk represents the NRC in the k-th UE. On the other hand, C which represents the overall BS
transceiver and antenna system non-reciprocity, including mutual coupling mismatch, is generally an N ×N full
matrix and can be decomposed as C = IN +C′.
In general, the channel non-reciprocity values vary very slowly in time with respect to the variations in the
propagation channel [26] and hence A and C can be assumed to remain constant over many channel coherence
intervals. Furthermore, it can easily be deduced that the effective DL and UL channels are reciprocal if and only if
the mismatch matrices satisfy A′ = 0Mtot and C
′ = 0N .
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For the purpose of the upcoming analysis, we next define and assume the following. First, we write A′k as
A′k =
[
a′k1 , · · · ,a′kMk
]T
and by dropping the UE index k for notational simplicity, we define Ra′m = Cov (a
′
m) for
the m-th antenna at the UE side ranging from 1 to Mtot. In matrix A′, the elements are assumed to be zero-mean and
the power of a′mi is denoted by σ
2
a′mi
= E
[
|a′mi|2
]
. Similarly at the BS side, C′ is also assumed to have zero-mean
elements. Then, we stack all the diagonal and non-diagonal elements of C′ in c′d = [c
′
11, c
′
22, · · · , c′NN ] and
c′od =
[
c′12, c
′
13, · · · , c′NN−1
]
, respectively, and define Rc′d = Cov (c
′
d) and Rc′od = Cov (c
′
od). Then, as explicitly
shown in the appendix, the final closed-form analysis results depend only on these NRC covariances but not, e.g.,
on the exact distributions of the NRC variables. In all the forth-coming analysis and derivations, we adopt the
simplifying assumption or approximation that the elements of the effective UL channel G are unit-variance i.i.d.
Gaussians. While the exact distribution and correlation characteristics of real-world effective UL channel entries
depend, among others, on the exact antenna array configuration and angular spread of the propagation environment,
we adopt such simplifying approximation since the closed-form rate expressions that one can deduce by using such
model have been shown to match very accurately with practical massive MIMO measurements [29]. This is a result
of the channel hardening and favorable propagation phenomena, which makes the performance less dependent on the
actual channel distribution. Hence, we use i.i.d. Rayleigh fading in this work to study the channel non-reciprocity
aspects in a clean and rigorous manner.
C. Channel Estimation
To facilitate the channel estimation at the BS, the UEs simultaneously transmit mutually orthogonal UL pilot
sequences of length τu such that Xp (Xp)
H
= IMtot with τu ≥Mtot. To estimate the UL channels, the BS multiplies
Yp in (1) by (Xp)H, which yields [7]
Y = Yp (Xp)
H
=
√
τuρuG+Q, (5)
where Q ∈ CN×Mtot is the processed noise matrix with i.i.d. CN (0, 1) elements. Using minimum mean-square
error (MMSE) channel estimator, the estimated effective UL channel Gˆ ∈ CN×Mtot can be shown to read [7], [28]
Gˆ =
√
τuρu
τuρu + 1
Y =
τuρu
τuρu + 1
G+
√
τuρu
τuρu + 1
Q, (6)
while the corresponding effective DL channel estimate, called Hˆ, that is utilized by the NRC-unaware BS for
downlink precoding is obtained by Hˆ = GˆT. Based on (6) and the orthogonality principle of MMSE estimators, the
effective UL channel matrix G can also be decomposed as [7], [28]
G = Gˆ+ ET = HˆT + ET, (7)
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where E = [ε1, ..., εMtot ]T ∈ CMtot×N accounts for the UL channel estimation errors and has i.i.d. CN
(
0, 1τuρu+1
)
elements. The estimated effective DL channel Hˆ has i.i.d. CN
(
0, τuρuτuρu+1
)
elements and is independent of E . The
considered pilot signaling and UL channel estimation method is the most common form of UL CSI acquisition for
massive MIMO systems in the existing literature [3], [6], [7]. Alternative partial CSI acquisition based approaches,
such as [30], are also important but are outside the scope of this paper.
Incorporating (7) into (3), we finally obtain the relation between the estimated and true effective DL channels as
H = AGTC = A
(
Hˆ+ E
)
C, (8)
which summarizes the joint effects of two co-existing non-ideality sources, namely, UL channel estimation error and
the channel non-reciprocity, on the effective DL channel estimation.
III. PERFORMANCE ANALYSIS UNDER NRC AND IMPERFECT CSI
In this section, we characterize the impacts of coexisting NRC and imperfect CSI on the performance of linearly
precoded multi-user massive MIMO DL transmission. In this respect, we will derive analytical expressions for the
received SINR and achievable rates for both ZF and MRT precoding.
A. Downlink Received Signal Model and SINR
We first express the linearly precoded DL transmit vector x ∈ CN×1 as
x = βUs, (9)
where U = [u1, ...,uMtot ] ∈ CN×Mtot is the precoder matrix. The normalized multi-user data vector including one
stream per UE antenna is denoted by s = [s1, ..., sMtot ]
T ∈ CMtot×1, where E [ssH] = IMtot . The transmit sum-
power normalization is achieved through β which constrains the total BS transmit sum-power to 1, i.e., E[xHx] = 1.
In order to satisfy this condition, β is chosen as [28]
β =
(√
E[Tr (UHU)]
)−1
. (10)
Substituting (9) in (1), the received DL multi-user signal vector corresponding to all Mtot antennas in the UE
side reads
r = β
√
ρdHUs+ n. (11)
We express the effective DL channel matrix as H = [h1, ...,hMtot ]
T, where hTm is the effective DL channel from
the BS to the m-th antenna at the UE side. Then, based on (8) and (11), the received DL signal at the m-th UE
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antenna, which is assumed to belong to UE k, can be expressed as
rm =
√
ρdβh
T
mumsm +
√
ρdβ
Mtot∑
i=1,i6=m
hTmuisi + nm
=
√
ρdβ
∑
l∈UEk
aml
(
hˆTl + ε
T
l
)
Cumsm +
√
ρdβ
Mtot∑
i=1,i6=m
∑
l∈UEk
aml
(
hˆTl + ε
T
l
)
Cuisi + nm,
(12)
where UEk refers to the set of logical antenna indices belonging to UE k.
Similar to [7], [22]–[24], we assume that the UEs rely only on the statistical properties of the beamformed channel
to decode the received DL signal, i.e., the k-th UE uses only βE
[
hTmum
]
as the DL complex gain in detecting sm.
Therefore, the received signal in (12) can be decomposed as
rm =
√
ρdβE
[
hTmum
]
sm︸ ︷︷ ︸
useful signal
+zSIm + z
ISI
m + nm, (13)
where zSIm and z
ISI
m are the self-interference (SI) and inter-stream interference (ISI), respectively, which can be
explicitly expressed as
zSIm =
√
ρdβ
∑
l∈UEk
aml
(
hˆTl + ε
T
l
)
Cumsm −√ρdβE
[
hTmum
]
sm
zISIm =
√
ρdβ
Mtot∑
i=1,i6=m
∑
l∈UEk
aml
(
hˆTl + ε
T
l
)
Cuisi.
(14)
Note that, in this definition, the ISI consists of both inter-stream interference from other streams targeted to the
same UE and of inter-user interference (IUI) due to the streams of other UEs.
Based on (13), the effective SINR at the m-th antenna in the UE side can be written as
SINRm =
Var
(√
ρdβE
[
hTmum
]
sm
)
Var (zSIm) + Var (z
ISI
m ) + 1
, (15)
where in defining (15) we used the fact that zSIm and z
ISI
m are uncorrelated.
In deriving capacity lower bounds, we follow the same approach as in [7], [31]. The total noise/interference term
is uncorrelated with the useful signal whose entropy is upper-bounded with the entropy of Gaussian noise with
equal variance [32]. Hence, a lower-bound on the achievable sum-capacity can be expressed as
R =
Mtot∑
m=1
log2 (1 + SINRm) . (16)
Next, we derive analytical expressions for the SINR and achievable sum-capacity R, given in (15) and (16),
respectively, for two different linear precoding techniques, namely, ZF and MRT.
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B. Zero-Forcing
For the ZF precoding scheme, the precoder matrix is constructed using the pseudo-inverse of the estimated
effective DL channel matrix as [7]
UZF = HˆH
(
HˆHˆH
)−1
. (17)
Next, based on (10), the normalization scalar βZF reads [7]
βZF =
(√
E
[
Tr
((
HˆHˆH
)−1)])−1
=
√
(N −Mtot) τuρu
Mtot (τuρu + 1)
, (18)
and based on (13), the useful signal term for the detection at the m-th antenna at the UE side is
√
ρdβ
ZFE
[
hTmu
ZF
m
]
sm =
√
ρdβ
ZFsm. (19)
By substituting (19) into (14) and (15), the effective SINR at the m-th antenna in the UE side for ZF precoding
can be written as
SINRZFm =
N −Mtot
Mtot
× τuρuρd
IZFRC + I
ZF
NRC,m
, (20)
where IZFRC = ρd + τuρu + 1 is the interference plus noise power under ideal reciprocal channel (no NRC), whereas
IZFNRC,m denotes the additional interference power due to NRC, which can be explicitly written as
IZFNRC,m ≈ ρd
[(
1 +
N −Mtot
Mtot
τuρu
)
Tr
(
Ra′m
)
+
τuρu
Mtot
(
Tr
(
Ra′m
)− σ2a′mm)
+
τuρu
NMtot
(
1 + Tr
(
Ra′m
))
Sum
(
Rc′d
)
+
[
τuρu + 1
N
(
1 + Tr
(
Ra′m
))− τuρu
NMtot
(
Tr
(
Ra′m
)− σ2a′mm)](Tr(Rc′d)+Tr(Rc′od))] .
(21)
Proof: See Appendix A.
Note that based on (21), the only NRC characteristics that eventually affect the power of interference are σ2a′mm
(denoting the variance of the m-th diagonal element in A′), Tr(Ra′m) (denoting the sum of variances of all the
elements in the corresponding row of A′k), Tr(Rc′od) (denoting the sum of variances of off-diagonal elements in C
′),
Tr(Rc′d) (denoting the sum of variances of diagonal elements in C
′), and Sum(Rc′d) (denoting the sum of variances
and cross-correlations of diagonal elements in C′). Whereas, other statistical quantities, namely, the cross-correlations
of diagonal and off-diagonal elements in A′ as well as cross-correlations of off-diagonal elements in C′, do not
affect the interference power. In general, different entries of the involved NRC covariance matrices (the R matrices)
can have different values. However, since only the sum of the diagonal values or the sum of all the values in the
covariance matrices have impact on the interference power, we parameterize these essential NRC characteristics by
their average values for notational simplicity. Thus, the essential NRC characteristics which affect the interference
DRAFT
12 RAEESI et al.: PERFORMANCE ANALYSIS OF MULTI-USER MASSIVE MIMO DOWNLINK UNDER CHANNEL NON-RECIPROCITY AND IMPERFECT CSI
TABLE I
ESSENTIAL SECOND-ORDER STATISTICS OF NRC VARIABLES
Variable Definition
σ2
a′mm
Variance of the m-th diagonal element
of UE side NRC matrix A′
σ2
a′
od
Average of variances of off-diagonal elements
of UE side NRC matrix A′
σ2
c′
d
Average of variances of diagonal elements
of BS NRC matrix C′
δ2
c′
d
Average of cross-correlations of diagonal elements
of BS NRC matrix C′
σ2
c′
od
Average of variances of off-diagonal elements
of BS NRC matrix C′
power are listed in TABLE I. Note that when these NRC characteristics are set to 0, then IZFNRC,m = 0, and if further
interpreted in the special case of single-antenna UEs, (20) reduces to the SINR expression given in [7] for the ideal
reciprocal case.
C. Maximum Ratio Transmission
For the MRT case, the precoder matrix is constructed as [28]
UMRT = HˆH. (22)
Therefore, based on (10), the normalization scalar βMRT reads [28]
βMRT =
(√
E
[
Tr
(
HˆHˆH
)])−1
=
√
τuρu + 1
NMtotτuρu
. (23)
Based on (13), the useful signal term for the detection at the m-th antenna in the UE side is
√
ρdβ
MRTE
[
hTmu
MRT
m
]
sm =
√
ρdβ
MRT Nτuρu
τuρu + 1
sm. (24)
Stemming from this, the effective SINR at the m-th antenna in the UE side, defined in (15) can now be expressed
as
SINRMRTm =
N
Mtot
× τuρuρd
IMRTRC + I
MRT
NRC,m
, (25)
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where IMRTRC = (ρd + 1) (τuρu + 1) is the interference and noise power under reciprocal channel, whereas I
MRT
NRC,m
denotes the additional interference power due to NRC, and can be explicitly written as
IMRTNRC,m = ρd
[(
1 +
N +Mtot
Mtot
τuρu
)
Tr
(
Ra′m
)− τuρu
Mtot
(
Tr
(
Ra′m
)− σ2a′mm)
+
τuρu
NMtot
(
1 + Tr
(
Ra′m
))
Sum
(
Rc′d
)
+
[
τuρu + 1
N
(
1 + Tr
(
Ra′m
))− τuρu
NMtot
(
Tr
(
Ra′m
)− σ2a′mm)](Tr(Rc′d)+Tr(Rc′od))] .
(26)
Proof: See Appendix B.
With the very same reasoning as in the ZF precoding scenario, the only NRC characteristics which affect the power
of interference are the ones listed in TABLE I. Thus, when these NRC parameters are set to 0, then IMRTNRC,m = 0 and
in the single-antenna UE scenario, (25) reduces again to the SINR expression given in [7] for the ideal reciprocal
case.
IV. ASYMPTOTIC AND NON-ASYMPTOTIC COMPARISONS AND IMPLICATIONS
In this section, we will address several important implications stemming from the derived closed-form SINR and
achievable rate expressions. To this end, both the asymptotic and non-asymptotic performance behavior of ZF and
MRT precoding based systems are first derived and compared. Then, the SINR degradation due to NRC is quantified
and analyzed for both precoding techniques.
A. Asymptotic Performance for Large N
For growing N , the previously-derived SINR expressions for ZF and MRT based systems, under NRC, can be
shown to be asymptotically identical and have the saturation value
lim
N→∞
SINRZFm = lim
N→∞
SINRMRTm =
1
Tr
(
Ra′m
)
+ tmc′d
δ2c′d
+ tmc′od
σ2c′od
, (27)
where
tmc′d
= 1 + Tr
(
Ra′m
)
,
tmc′od
=Mtot
τuρu + 1
τuρu
(
1 + Tr
(
Ra′m
))− Tr (Ra′m)+ σ2a′mm . (28)
Note that the number of mismatched transceiver chains and antenna units increases with the number of antennas
which in turn increases the level of interference power due to NRC. Thus, the system is subject to additional
interference which cannot be suppressed by NRC-unaware spatial precoders, even if the number of antennas tends
towards infinity. Therefore, for massive MIMO systems with practical non-reciprocal transceivers and antenna
systems, the advantage of ZF over MRT in terms of IUI suppression, and hence in SINR performance, reduces and
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eventually vanishes with increasing number of antennas and transceiver chains. This is one important finding and
will be illustrated also through numerical examples in Section V.
We next quantify the relative achievable rate performance under ZF and MRT precoding schemes with the ratio
RZF/RMRT, where RZF and RMRT are obtained by substituting (20) and (25) into (16), respectively. The asymptotic
behavior of this relative achievable rate performance for large number of antennas can be shown to read
lim
N→∞
RZF
RMRT
= lim
N→∞
Mtot∑
m=1
log2
(
1 + SINRZFm
)
Mtot∑
m=1
log2
(
1 + SINRMRTm
) = 1. (29)
Based on above, the asymptotic behavior of relative achievable rate under NRC is similar to the reciprocal case
presented in [7]. However, the implications of these two results are largely different. More specifically, the combination
of (27) and (29) establishes that the achievable rates for both precoders have an identical and finite saturation level
in the presence of NRC. This saturation level can be expressed in closed-form by substituting the expression in (27)
to (16). Importantly, even if the UL pilot SNR (ρu) tends towards infinity, reflecting perfect uplink CSI, the rates
saturate to an identical finite level. On the other hand, for an ideal reciprocal channel, by substituting zeros for
all the NRC parameters in the denominator of (27), the asymptotic result implies that the SINRs, and therefore
the rates, grow without bound for both precoding schemes even under finite UL pilot SNR [7], [29]. Hence, there
is a fundamental difference in the impacts of NRC and UL channel estimation errors. These differences will be
illustrated through numerical examples in Section V and are other important findings of this article.
B. Non-Asymptotic Comparison of SINR Performance
We next pursue a non-asymptotic comparison of the achievable SINRs at the m-th antenna in the UE side between
ZF and MRT precoding schemes under NRC. Building on the SINR expressions in (20) and (25), the following
relation can be deduced
SINRZFm
SINRMRTm
= 1+
Mtot
N
(
SINRZFm − 1
)
+
(
1− Mtot
N
) 2ρdτuρu(Tr (Ra′m)− (Tr (Ra′m)− σ2a′mm) /Mtot)
ρd + τuρu + 1 + IZFNRC,m
. (30)
Based on above, since N > Mtot, ZF outperforms MRT in the achievable SINR, and consequently in the capacity
lower bound, if SINRZFm ≥ 1. In the special case of N →∞, the ratio in (30) tends towards one, conforming with
the previous asymptotic results.
In practical scenarios where the channel non-reciprocity level is not overly high, and considering the high SNR
region with reasonably good UL channel estimation accuracy, the SINR is always greater than one for ZF precoding
scheme. Therefore, in the high SNR region, (30) shows that ZF has better non-asymptotic performance compared to
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MRT. On the other hand, in the low SNR region, the performance of both systems are limited by noise and the
difference becomes negligible.
C. SINR Degradation at High SNR
In order to quantify the SINR degradation under non-reciprocal channels with respect to ideal reciprocal channel
reference case, we define the metric
α =
SINRRC − SINRNRC
SINRRC
. (31)
In (31), SINRNRC stands for the SINR with non-reciprocal channels calculated based on (15) and for which
closed-form analytic expressions are given in (20) and (25) under ZF and MRT precoding schemes, respectively.
Furthermore, SINRRC denotes the SINR with reciprocal channels for which closed-form expressions can be obtained
under ZF and MRT precoding schemes from [7] for the single-antenna UE scenario, or by setting the NRC parameters
to 0 in (20) and (25), respectively, in a more general case. To compare the relative SINR degradation of ZF and
MRT precoding schemes, we also define the ratio αZF/MRT = α
ZF
αMRT , where α
ZF and αMRT are calculated using
(31) with their corresponding SINRNRC and SINRRC expressions for ZF and MRT precoding schemes, respectively.
In the high SNR region, when ρd  1, this ratio for the m-th antenna in the UE side can be shown to read
lim
ρd→∞
αZFm
αMRTm
∆
= αZF/MRT∞,m =
I0 + τuρuI
ZF
NRC,m/ρd
I0 + 2τuρu
(
Tr
(
Ra′m
)− (Tr (Ra′m)− σ2a′mm) /Mtot) , (32)
where
I0 =
(
2τuρu
(
Tr
(
Ra′m
)− (Tr (Ra′m)− σ2a′mm) /Mtot)+ IZFNRC,m/ρd + 1) IZFNRC,m/ρd. (33)
From (32), it can be seen that αZF/MRT∞,m > 1 when IZFNRC,m/ρd > 2
(
Tr
(
Ra′m
)− (Tr (Ra′m)− σ2a′mm) /Mtot),
implying that ZF precoding is more sensitive to channel non-reciprocity than MRT, that is, the SINR degradation
due to NRC is higher for ZF than for MRT, at large SNR. This is intuitive as the ZF based interference suppression
requires accurate channel knowledge. Note that based on (21), for practical setting of τu ≥Mtot, this holds when
ρu >
1
N −Mtot . (34)
This is because when N Mtot, the inequality given in (34) boils down to ρu > 1/N , which will be satisfied, in
general, for all practical values of ρu.
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V. NUMERICAL RESULTS, IMPLICATIONS AND DISCUSSION
In this section, we provide extensive numerical evaluations of the derived analytical SINR and achievable rate
expressions for precoded multi-user massive MIMO system under NRC and imperfect CSI. We also study the
behavior of the DL system spectral efficiency, defined as [7]
ηs =
(
1− τu
T
)
R =
(
1− τu
T
)Mtot∑
m=1
log2 (1 + SINRm) , (35)
where T refers to the channel coherence interval measured in number of symbols. Finally, we will discuss and
summarize the novel findings of this work based on the derived analytical expressions and obtained numerical
results.
A. Obtained Numerical Results
The baseline evaluation scenario consists of a BS which is equipped with N = 100 antenna elements and either
single-antenna, dual-antenna or 4-antenna UEs, with a total of Mtot = 20 antennas, that are served simultaneously
through either ZF or MRT precoding. We assume that the channel coherence time is 1ms, which corresponds to one
radio sub-frame in 3GPP LTE/LTE-Advanced radio network [33] and specifically each coherence interval contains
T = 196 symbols, while the number of UE antenna-specific UL pilots is always equal to the total number of the
UE side antennas, i.e., τu =Mtot. The UL SNR is set to ρu = 0 dB, while DL SNR is chosen to be ρd = 20 dB.
These are the baseline simulation settings, while some of the parameter values are also varied in the evaluations.
In the simulations, NRC matrices A and C are generated based on A′ and C′ since A = IMtot + A
′ and
C = IN +C
′. As shown in Section III and TABLE I, only the averages of certain variance and cross-correlation
values affect the performance, while in principle the individual values could all be different. However, for simulation
simplicity, we assume that all the individual entries of the involved second-order statistics, i.e. those listed in TABLE I,
are the same as their average values. We also assume that σ2a′mm is the same for all the values of m and is equal to
σ2a′d
. Thus, for each realization, the block-diagonal matrix A′ is generated based on A′k in which the diagonal entries
are generated as i.i.d. CN
(
0, σ2a′d
)
whereas off-diagonal entries are i.i.d. CN
(
0, σ2a′od
)
. Similarly, the off-diagonal
entries of C′ are generated as i.i.d. CN
(
0, σ2c′od
)
, while the diagonal entries have Gaussian distribution with zero
mean and variance σ2c′d and cross-correlation δ
2
c′d
. Kindly note that Gaussian distribution is chosen only as an example
for the simulation and evaluation simplicity while the provided results apply to any distribution with the same
variance and cross-correlation values. Also note that the independence assumption applies only to the entries whose
cross-correlations do not have any impact on the system performance.
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Fig. 2. (a) System spectral efficiency vs. DL SNR (ρd) with σ2a′
od
= −30 dB, and (b) relative SINR degradation (α) vs. σ2
a′
od
with ρd = 20
dB, for N = 100, Mtot = 20, τu =Mtot, ρu = 0 dB, T = 196, σ2a′
d
= −20 dB, σ2
c′
d
= −20 dB, σ2
c′
od
= −30 dB, and δ2
c′
d
= −30 dB.
In Fig. 2(a), the system spectral efficiency is plotted against DL SNR for different number of antennas in each
UE, while the total number of antennas in the UE side is fixed at Mtot = 20. In obtaining the curves, the derived
analytical expressions in (20) and (25) are plugged into (35) for ZF and MRT precoding schemes, respectively. In
addition to that, simulated points are obtained via extensive empirical SINR and corresponding spectral efficiency
evaluations, without any approximations, which are averaged over 1000 independent channel and NRC variable
realizations. As can be seen, when the total number of antennas in the UE side is fixed, the spectral efficiency of
the system is slightly higher in networks with lower number of antennas in each UE. This can be understood based
on Fig. 2(b) where the relative SINR degradation is plotted against σ2a′od , which is an indicator of mutual coupling
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Fig. 3. System spectral efficiency vs. DL SNR (ρd) for N = 100, Mtot = 20, K = 20, τu =Mtot, ρu = 0 dB, T = 196.
Fig. 4. Relative SINR degradation (α) vs. DL SNR (ρd) for N = 100, Mtot = 20, K = 20, τu =Mtot, ρu = 0 dB, T = 196.
mismatch variance between the antenna elements of each individual UE (in dual- and quad-antenna UE cases). As
illustrated, the number of antennas in each UE has essentially no impact on the performance when UE side mutual
coupling mismatch level is small. Whereas, for higher values of σ2a′od , the relative SINR degradation is already clearly
higher in the scenarios with higher number of antennas per UE and the difference gets larger as σ2a′od increases.
However, as shown in Fig. 2(a), even for relatively poorly NRC calibrated scenario (high practical NRC parameter
values, e.g., σ2a′d = σ
2
c′d
= −20 dB and σ2a′od = σ
2
c′od
= δ2c′d
= −30 dB), the difference between single-antenna and
multi-antenna UE scenarios is very small. Therefore, in the continuation, we focus on single-antenna UE scenario
which is commonly of highest interest in massive MIMO literature [3]–[8], [10], [18]–[22], [28], [31].
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In Fig. 3 and Fig. 4, the spectral efficiency and relative SINR degradation curves are plotted against DL SNR
for indicated NRC parameter settings. Simulated curves in Fig. 3 are similarly obtained via extensive empirical
evaluations by averaging 1000 independent channel and NRC realizations. In general, as can be seen in Fig. 2 and
Fig. 3, the analytical and simulated curves for both ZF and MRT have a perfect match evidencing the excellent
accuracy of derived expressions despite the involved approximations. Thus, in the continuation we will use only
the derived analytical expressions. As illustrated in Fig. 3 and Fig. 4, in low SNR region, the effect of channel
non-reciprocity on both precoding schemes is negligible as the performance is limited by noise. On the other hand,
in high SNR region, there is a substantial performance loss, especially for ZF precoding scheme. For instance,
from Fig. 3 we can observe that for ZF at ρd = 15 dB, when the system is subject to relatively low-quality NRC
calibration (σ2a′d = σ
2
c′d
= −20 dB and σ2c′od = δ
2
c′d
= −30 dB), the system spectral efficiency has decreased by 27
bits/s/Hz compared to the fully reciprocal channel case. For the same settings, the degradation for MRT precoding
scheme is only 3 bits/s/Hz showing that MRT is substantially less sensitive to channel non-reciprocity compared to
ZF.
Based on the derived expressions in (21) and (26), the contributions of σ2c′od , σ
2
a′d
, δ2c′d , and σ
2
c′d
to the total received
interference are proportional to N ×Mtot, N , N , and Mtot, respectively. In typical settings with N  Mtot
(which is also the case with N = 100 and Mtot = 20), these cofactors satisfy the relation N ×Mtot > N > Mtot,
and hence the system has the highest sensitivity with respect to σ2c′od and the lowest sensitivity with respect to
σ2c′d
. This is one of the important technical implications, relevant in practical large-array system deployments and
NRC calibration algorithm development, that are stemming from this work. In order to demonstrate this effect, in
Fig. 5, the relative SINR degradation is plotted against different levels of each channel non-reciprocity parameter
individually, i.e., when the level of one channel non-reciprocity parameter is varied, all other channel non-reciprocity
parameter values are deliberately set to 0. Note that, in order to better demonstrate the impacts of δ2c′d on the SINR
degradation, the effects of σ2c′d and δ
2
c′d
are grouped together, since the level of cross-correlation between elements in
c′d, δ
2
c′d
, is always upper-bounded by the corresponding variances of those elements, σ2c′d . The effects of both σ
2
c′d
and δ2c′d can be distinguished by the offset chosen between these two variables which ranges from δ
2
c′d
= σ2c′d
to
δ2c′d
= 0. As expected, the obtained results show that both ZF and MRT precoding schemes are most sensitive to the
variance of the off-diagonal elements of the BS non-reciprocity matrix. For instance, for the case with σ2c′od = −25
dB, the SINR degradation is approximately 85% for ZF and 25% for MRT, which will be mapped to 42% and
13% of spectral efficiency degradation, respectively. The SINR degradation is, in turn, the least sensitive against
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(a)
(b)
Fig. 5. Relative SINR degradation (α) in (a) ZF and (b) MRT precoded systems vs. the level of an individual non-reciprocity source (with
others being zero, i.e., ideal) for N = 100, Mtot = 20, K = 20, ρd = 20, τu =Mtot, ρu = 0 dB, T = 196.
the variance of the diagonal entries of BS side non-reciprocity matrix. It is seen that when δ2c′d = 0, ZF precoded
system starts to have observable performance loss, i.e., the SINR degradation is more than 10%, for values of
σ2c′d
> −23 dB, whereas for MRT precoded system this threshold value is as high as σ2c′d > −10 dB. The sensitivity
with respect to the variance of diagonal elements in the UE side NRC matrix and the cross-correlations between
diagonal elements in the BS side NRC matrix are also considerably high especially for ZF precoding. For instance,
the SINR degradation increases from 17% to 40%, when σ2a′d is increased from −25 dB to −20 dB, and from 24%
to 50%, when δ2c′d and σ
2
c′d
are jointly increased from −25 dB to −20 dB.
The analytical expressions for the asymptotic achievable performance, derived in Section IV, indicated two new
results and findings which differ from the ordinary reciprocal channel case; 1) there is a finite saturation level for
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Fig. 6. System spectral efficiency vs. the number of antennas at BS (N ) for Mtot = 20, K = 20, ρd = 20, τu = Mtot, ρu = 0 dB,
T = 196. Saturation levels based on (27) are plotted in green horizontal lines for the two indicated NRC parameter settings.
Fig. 7. Optimal number of single-antenna UEs to maximize system spectral efficiency vs. non-reciprocity level (σ2
a′
d
= σ2
c′
d
= NRC level,
while σ2
c′
od
= δ2
c′
d
= NRC level −10 dB) for N = 100, Mtot = 20, K = 20, τu =Mtot, ρu = 0 dB, T = 196.
both MRT and ZF precoding schemes, and 2) this saturation level is identical for both precoding techniques. In
order to verify and demonstrate this behavior, the spectral efficiency is plotted against the number of BS antennas in
Fig. 6. It can be clearly seen that both MRT and ZF spectral efficiency curves indeed saturate towards the levels
predicted by the derived analytical expression in (27). As discussed earlier in Section IV-A, the system is subject
to increasing levels of SI and ISI with increasing number of antennas and corresponding mismatched transceiver
chains. Since this interference cannot be suppressed by NRC-unaware spatial precoders, in contrast to the reciprocal
case, the advantage of ZF over MRT in terms of inter-user interference suppression and higher achievable rates
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Fig. 8. Maximum tolerable non-reciprocity level vs. target SINR (σ2
a′
d
= σ2
c′
d
= NRC level, while σ2
c′
od
= δ2
c′
d
= NRC level −10 dB) for
N = 100, Mtot = 20, K = 20, τu =Mtot, ρu = 0 dB, T = 196.
gradually vanishes. It is also important to note that these saturation levels are of large practical relevance since
the NRC-induced saturation occurs already with antenna numbers in the order of 103 or even below, while the
saturation levels caused, e.g., by pilot contamination often requires 105 antennas to be approached [34].
Fig. 7 shows the impact of channel non-reciprocity on the optimal number of simultaneously scheduled single-
antenna UEs, Kopt, to achieve maximal spectral efficiency for two different values of DL SNR, namely, ρd = 20
dB, 0 dB. This optimum number is achieved by evaluating (16) for all the values of K in the range N ≥ K ≥ 1,
and choosing the one which maximizes the spectral efficiency while the number of antennas in each UE is assumed
to be one. The optimal number of single-antenna UEs drops for both precoding techniques as the system is subject
to increasing interference power with increasing non-reciprocity levels. In the low SNR regime (0 dB), this drop is
not severe as the thermal noise has dominating impact on system performance. However, in the high SNR regime
(20 dB), there is a significant drop in the optimal number of single-antenna UEs for ZF, even for moderate channel
non-reciprocity levels, say −30 dB < σ2a′d < −20 dB, whereas for MRT there is a drop only at fairly severe
non-reciprocity levels, e.g., σ2a′d > −15 dB. An interesting and new observation is that, in contrast to high SNR
regime behavior in the ordinary reciprocal case, the optimal number of UEs for MRT is higher than that of ZF
under moderate channel non-reciprocity levels.
In Fig. 8, based on the derived closed-form expressions for SINR in (20) and (25), the maximum tolerable NRC
level is evaluated as a function of target SINR in the UE side, for two example values of DL SNR, namely, ρd = 20
dB, 0 dB. Based on the obtained results, in order to have SINR at UEs for example equal to 15 dB in ZF precoded
DRAFT
RAEESI et al.: PERFORMANCE ANALYSIS OF MULTI-USER MASSIVE MIMO DOWNLINK UNDER CHANNEL NON-RECIPROCITY AND IMPERFECT CSI 23
system when ρd = 20 dB, the maximum NRC level which can be tolerated is around −20 dB. This demonstrates
the value and applicability of the provided analytical results in practical system design and deployments, in for
example evaluating and extracting the required NRC calibration levels such that given DL transmission performance
can be achieved.
B. Summary of New Findings and Future Work
In this subsection, we briefly summarize the novel scientific findings and concrete technical contributions of
this work compared to the existing literature regarding the performance of massive MIMO systems with practical
mismatched transceiver chains and antenna systems:
1) Based on (30), for the same channel non-reciprocity levels, ZF outperforms MRT in terms of the SINR and
achievable rates. However, based on derived expressions in (32), the performance difference between the two
precoding techniques starts to reduce as the level of channel non-reciprocity grows.
2) In previous literature, UE side non-reciprocity was assumed to have negligible effect on the total received
interference [18]. However, this is only true when DL demodulation pilots are used to further enhance the
detection at UEs. On the other hand, when UEs rely only on statistical channel properties, the UE side
non-reciprocity has significant contribution to total received interference power. As can be inferred from
derived expressions in (21) and (26), for both precoding techniques, this contribution scales with N which is
a large number in the massive MIMO framework.
3) The received SINR and achievable rates of ZF and MRT precoded systems under NRC saturate at a finite and
identical value asymptotically with increasing N . This is different from the reciprocal case where adding more
antennas decreases the residual IUI and hence increases the spatial separation of UEs. This NRC-induced
saturation phenomenon is due to the additional interference caused by adding more mismatched transceivers
and antenna units with increasing N .
4) Optimal number of scheduled single-antenna UEs under MRT is higher than that with ZF when considering
moderate channel non-reciprocity levels. This is in contrast to the ideal reciprocal case where the optimal
number of scheduled users is always higher for ZF precoding scheme [7].
In general, in addition to the channel non-reciprocity problem, pilot contamination [10] and interference non-
reciprocity [35] can easily be performance limiting factors, especially in multi-cell systems. Thus, joint consideration
of these aspects together with NRC is an interesting research topic for our future work. Furthermore, extending the
work to cover also more elaborate precoders in multi-antenna UE context, such as block-diagonalization, together
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with DL demodulation CSI acquisition, are interesting and important topics.
VI. CONCLUSION
Closed-form performance analysis of TDD-based linearly precoded massive MIMO DL system under channel
non-reciprocity and imperfect CSI was carried out in this paper. The derived analytical SINR and achievable
rate expressions show that in general ZF precoding scheme is more sensitive to NRC levels compared to MRT.
The derived analytical expressions also show that with inaccurate NRC calibration, the performance gap between
the two precoders decreases significantly. Moreover, in contrast to ideal reciprocal case, it was shown that the
SINRs and achievable rates saturate to a finite and identical level with increasing antenna array size. Overall,
the derived analytical expressions provide fundamentally useful and generic tools in dimensioning and designing
practical massive MIMO systems with given performance targets, e.g., choosing the appropriate precoder based on
performance-complexity trade-off, deciding the number of active antenna elements, and/or extracting the needed
frequency and accuracy of adopted NRC calibration schemes.
APPENDIX
In order to calculate SINR in (15), we need to compute the powers of the different interference terms, namely, zSIm
and zISIm , under ZF and MRT precoding schemes. In the continuation, the following properties and approximations
are used.
• Property 1:
N∑
l=1
N∑
p=1
E
[
ml
∗
mp
]
=
N∑
l=1
E[ml∗ml], (36)
since E
[
ml
∗
mp
]
= 0 for l 6= p.
• Property 2:
N∑
l=1
N∑
p=1
E
[
uZFlmu
ZF∗
pm
]
=
N∑
l=1
E
[
uZFlmu
ZF∗
lm
]
, (37)
since E
[
uZFlmu
ZF∗
pm
]
= 0 for l 6= p.
• Property 3:
N∑
l=1
N∑
p=1
E
[
hˆmlhˆ
∗
mp
]
=
N∑
l=1
E
[
hˆmlhˆ
∗
ml
]
, (38)
since E
[
hˆmlhˆ
∗
mp
]
= 0 for l 6= p.
• Approximation 1: For mathematical tractability, we employ the following approximation [20]
uZFli ≈
hˆ∗il
vZF
, (39)
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where vZF is a constant that is chosen to satisfy E
[∣∣uZFli ∣∣2] = 1NMtotE[Tr(UZFHUZF)], and hence can be
expressed as
vZF =
√
N (N −Mtot) τuρu
τuρu + 1
. (40)
While allowing us to derive the analytical closed-form expressions, the high accuracy of this approximation is
demonstrated by the excellent match of the analytical and empirical results in Section V.
A. Interference Powers under ZF Precoding
Based on (14), (17), and (19), the power of the self interference can be expressed as
Var
(
zSI,ZFm
)
= E
∣∣∣∣∣√ρdβZF ∑
l∈UEk
aml
(
hˆTl + ε
T
l
)
CuZFm sm −
√
ρdβ
ZFsm
∣∣∣∣∣
2

= ρd
(
βZF
)2 E

∣∣∣∣∣∣∣∣a
′
mmsm +
∑
l∈UEk
l 6=m
amlhˆ
T
l u
ZF
m sm
∣∣∣∣∣∣∣∣
2
︸ ︷︷ ︸
tSI,ZF1
+ρd
(
βZF
)2 E
∣∣∣∣∣ ∑
l∈UEk
amlhˆ
T
l C
′uZFm sm
∣∣∣∣∣
2

︸ ︷︷ ︸
tSI,ZF2
+ ρd
(
βZF
)2 E
∣∣∣∣∣ ∑
l∈UEk
amlε
T
l Cu
ZF
m sm
∣∣∣∣∣
2

︸ ︷︷ ︸
tSI,ZF3
.
(41)
Next we will derive analytical expressions for the terms tSI,ZF1 , t
SI,ZF
2 , and t
SI,ZF
3 . Starting with t
SI,ZF
1 , we obtain
tSI,ZF1 = E

a′mmsm + ∑
l∈UEk
l 6=m
N∑
p=1
amlhˆlpu
ZF
pmsm

a′mmsm + ∑
q∈UEk
q 6=m
N∑
r=1
amqhˆqru
ZF
rmsm

∗
≈ E
[
|a′mm|2
]
+
1
(vZF)
2
∑
l∈UEk
l 6=m
N∑
p=1
E
[
|aml|2
]
E
[∣∣∣hˆlp∣∣∣2]E [∣∣∣hˆmp∣∣∣2]
= σ2a′mm +
1
N −Mtot
(
Tr
(
Ra′m
)− σ2a′mm) .
(42)
In obtaining the expression on the second line, we used Approximation 1 and Property 3.
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Following that, tSI,ZF2 can be expressed as
tSI,ZF2 ≈
1
(vZF)
2
∑
l∈UEk
∑
q∈UEk
N∑
p=1
N∑
r=1
N∑
i=1
N∑
j=1
E
[
amla
∗
mq
]
E
[
hˆlphˆ
∗
mrhˆ
∗
qihˆmj
]
E
[
c′prc
′∗
ij
]
=
1
(vZF)
2
N∑
p=1
N∑
r=1
N∑
i=1
N∑
j=1
E
[
|amm|2
]
E
[
hˆmphˆ
∗
mihˆ
∗
mrhˆmj
]
E
[
c′prc
′∗
ij
]
︸ ︷︷ ︸
tSI,ZF21
+
1
(vZF)
2
∑
l∈UEk
l 6=m
N∑
p=1
N∑
r=1
E
[
|aml|2
]
E
[∣∣∣hˆlp∣∣∣2]E [∣∣∣hˆmr∣∣∣2]E[∣∣c′pr∣∣2]
=
1
(vZF)
2
(
tSI,ZF21 +
(
Tr
(
Ra′m
)− σ2a′mm)( τuρuτuρu + 1
)2 (
Tr
(
Rc′d
)
+Tr
(
Rc′od
)))
.
(43)
In above, we used Approximation 1 when obtaining the expression on the first line, whereas the expression on the
second and the third lines are obtained using Property 3. In the next step, tSI,ZF21 is expressed as
tSI,ZF21 = E
[
|amm|2
] N∑
p=1
N∑
r=1
r 6=p
E
[∣∣∣hˆmp∣∣∣2]E [∣∣∣hˆmr∣∣∣2]E[∣∣c′pr∣∣2]
+ E
[
|amm|2
] N∑
p=1
N∑
j=1
j 6=p
E
[∣∣∣hˆmp∣∣∣2]E [∣∣∣hˆmj∣∣∣2]E[c′ppc′∗jj]+ E [|amm|2] N∑
p=1
E
[∣∣∣hˆmp∣∣∣4]E[∣∣c′pp∣∣2]
=
(
1 + σ2a′mm
)( τuρu
τuρu + 1
)2 (
Tr
(
Rc′od
)
+ Sum
(
Rc′d
)
+Tr
(
Rc′d
))
,
(44)
where Property 3 is used in obtaining the expression in the first two lines.
Substituting (44) in (43), we have
tSI,ZF2 ≈
1
N (N −Mtot)
((
1 + σ2a′mm
)
Sum
(
Rc′d
)
+
(
1 + Tr
(
Ra′m
)) (
Tr
(
Rc′d
)
+Tr
(
Rc′od
)))
. (45)
Finally, the term tSI,ZF3 can be expressed as
tSI,ZF3 =
∑
l∈UEk
N∑
p=1
N∑
r=1
E
[
|aml|2
]
E
[
|lp|2
]
E
[
|cpr|2
]
E
[∣∣uZFrm∣∣2]
=
1 + Tr
(
Ra′m
)
NMtot (βZF)
2
(τuρu + 1)
(
N +Tr
(
Rc′d
)
+Tr
(
Rc′od
))
.
(46)
In obtaining the expression on the first line, we used Property 1 and Property 2.
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Similarly, based on (14), the power of the ISI under ZF precoding scheme can be written as
Var
(
zISI,ZFm
)
= E

∣∣∣∣∣∣∣
√
ρdβ
ZF
Mtot∑
i=1
i6=m
∑
l∈UEk
aml
(
hˆTl + ε
T
l
)
CuZFi si
∣∣∣∣∣∣∣
2
= ρd
(
βZF
)2 E

∣∣∣∣∣∣∣∣
∑
i∈UEk
i 6=m
amisi
∣∣∣∣∣∣∣∣
2
︸ ︷︷ ︸
tISI,ZF1
+ρd
(
βZF
)2 E

∣∣∣∣∣∣∣
Mtot∑
i=1
i 6=m
∑
l∈UEk
amlhˆ
T
l C
′uZFi si
∣∣∣∣∣∣∣
2
︸ ︷︷ ︸
tISI,ZF2
+ ρd
(
βZF
)2 E

∣∣∣∣∣∣∣
Mtot∑
i=1
i 6=m
∑
l∈UEk
amlε
T
l Cu
ZF
i si
∣∣∣∣∣∣∣
2
︸ ︷︷ ︸
tISI,ZF3
.
(47)
Next, we will derive analytical expressions for the terms tISI,ZF1 , t
ISI,ZF
2 and t
ISI,ZF
3 . Starting with t
ISI,ZF
1 , we
obtain
tISI,ZF1 =
∑
i∈UEk
i 6=m
E
[
|ami|2
]
E
[
|si|2
]
= Tr
(
Ra′m
)− σ2a′mm . (48)
Following that, tISI,ZF2 can be expressed as
tISI,ZF2 ≈
1
(vZF)
2
Mtot∑
i=1
i 6=m
∑
l∈UEk
N∑
p=1
N∑
r=1
N∑
o=1
N∑
w=1
E
[
|aml|2
]
E
[
hˆlphˆ
∗
irhˆ
∗
lohˆiw
]
E
[
c′prc
′∗
ow
]
=
1
(vZF)
2
∑
i∈UEk
i6=m
E
[
|ami|2
] tSI,ZF21
E
[
|amm|2
]
+
1
(vZF)
2
 Mtot∑
i=1
i/∈UEk
(
1 + Tr
(
Ra′m
))
+
∑
i∈UEk
i 6=m
(
1+Tr
(
Ra′m
)− σ2ami)
( τuρuτuρu + 1
)2 (
Tr
(
Rc′d
)
+Tr
(
Rc′od
))
=
1
N (N −Mtot)
(((
1 + σ2a′mm
)
+ (Mtot − 2)
(
1 + Tr
(
Ra′m
)))(
Tr
(
Rc′d
)
+Tr
(
Rc′od
))
+
(
Tr
(
Ra′m
)− σ2a′mm)Sum(Rc′d)) .
(49)
In above, we used the Approximation 1 in obtaining the expression on the first line and Property 3 in obtaining the
expressions on the first three lines.
Then, tISI,ZF3 can be expressed, similar to t
SI,ZF
3 , as
tISI,ZF3 = (Mtot − 1)
1 + Tr
(
Ra′m
)
NMtot (βZF)
2
(τuρu + 1)
(
N +Tr
(
Rc′d
)
+Tr
(
Rc′od
))
. (50)
Here, we used Property 1 and Property 2.
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The total interference power can be obtained by summing all the calculated interference terms. Then, it is
straightforward to re-arrange the terms and express the total interference power as IZFRC + I
ZF
NRC,m after which we
reach the SINR expression presented in (20).
B. Interference Powers under MRT Precoding
Based on (14), (22), and (24), the power of self interference under MRT precoding scheme can be expressed as
Var
(
zSI,MRTm
)
= E
∣∣∣∣∣√ρdβMRT ∑
l∈UEk
aml
(
hˆTl + ε
T
l
)
CuMRTm sm −
√
ρdβ
MRTE
[
hTmu
MRT
m
]
sm
∣∣∣∣∣
2

= ρd
(
βMRT
)2 E

∣∣∣∣∣∣∣∣ammhˆ
T
mhˆ
∗
msm − E
[
hˆTmhˆ
∗
m
]
sm +
∑
l∈UEk
l 6=m
amlhˆ
T
l hˆ
∗
msm
∣∣∣∣∣∣∣∣
2
︸ ︷︷ ︸
tSI,MRT1
+ ρd
(
βMRT
)2 E
∣∣∣∣∣ ∑
l∈UEk
amlhˆ
T
l C
′hˆ∗msm
∣∣∣∣∣
2

︸ ︷︷ ︸
tSI,MRT2
+ρd
(
βMRT
)2 E
∣∣∣∣∣ ∑
l∈UEk
amlε
T
l Chˆ
∗
msm
∣∣∣∣∣
2

︸ ︷︷ ︸
tSI,MRT3
.
(51)
Next we derive analytical expressions for the terms tSI,MRT1 , t
SI,MRT
2 and t
SI,MRT
3 . Starting with t
SI,MRT
1 , we get
tSI,MRT1 = E
[∣∣∣ammhˆTmhˆ∗msm − E [hˆTmhˆ∗m] sm∣∣∣2]︸ ︷︷ ︸
tSI,MRT11
+E

∣∣∣∣∣∣∣∣
∑
l∈UEk
l 6=m
amlhˆ
T
l hˆ
∗
msm
∣∣∣∣∣∣∣∣
2
︸ ︷︷ ︸
tSI,MRT12
. (52)
Following that, tSI,MRT11 can be expressed as
tSI,MRT11 = E
[∣∣∣ammhˆTmhˆ∗msm∣∣∣2]− E[∣∣∣E [hˆTmhˆ∗m] sm∣∣∣2]
= E
[
|amm|2
] N∑
p=1
N∑
r=1
r 6=p
E
[∣∣∣hˆmp∣∣∣2]E[∣∣∣hˆmr∣∣∣2]+ N∑
p=1
E
[∣∣∣hˆmp∣∣∣4]
−N2( τuρu
τuρu + 1
)2
= N
(
1 + σ2a′mm (N + 1)
)( τuρu
τuρu + 1
)2
.
(53)
Next we express tSI,MRT12 as
tSI,MRT12 =
∑
l∈UEk
l 6=m
N∑
p=1
E
[
|aml|2
]
E
[∣∣∣hˆlp∣∣∣2]E[∣∣∣hˆmp∣∣∣2] = N (Tr (Ra′m)− σ2a′mm)( τuρuτuρu + 1
)2
, (54)
where Property 3 is used in obtaining the expression on the first line.
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Substituting (53) and (54) in (52), we have
tSI,MRT1 = N
(
1 +Nσ2a′mm +Tr
(
Ra′m
))( τuρu
τuρu + 1
)2
. (55)
Then, we can express tSI,MRT2 , similar to t
SI,ZF
2 , as
tSI,MRT2 =
(
τuρu
τuρu + 1
)2 ((
1 + σ2a′mm
)
Sum
(
Rc′d
)
+
(
1 + Tr
(
Ra′m
)) (
Tr
(
Rc′d
)
+Tr
(
Rc′od
)))
. (56)
In obtaining the final expression, we used Property 3.
Following that, tSI,MRT3 can be expressed, similar to t
SI,ZF
3 , as
tSI,MRT3 =
τuρu
(τuρu + 1)
2
(
1 + Tr
(
Ra′m
)) (
N +Tr
(
Rc′d
)
+Tr
(
Rc′od
))
. (57)
In obtaining the final expression, we used Property 1 and Property 3.
Then, based on (14), the power of ISI under MRT precoding scheme can be written as
Var
(
zISI,MRTm
)
= E

∣∣∣∣∣∣∣
√
ρdβ
MRT
Mtot∑
i=1
i 6=m
∑
l∈UEk
aml
(
hˆTl + ε
T
l
)
CuMRTi si
∣∣∣∣∣∣∣
2
= ρd
(
βMRT
)2

E

∣∣∣∣∣∣∣
Mtot∑
i=1
i 6=m
∑
l∈UEk
amlhˆ
T
l Chˆ
∗
i si
∣∣∣∣∣∣∣
2
︸ ︷︷ ︸
tISI,MRT1
+E

∣∣∣∣∣∣∣
Mtot∑
i=1
i 6=m
∑
l∈UEk
amlε
T
l Chˆ
∗
i si
∣∣∣∣∣∣∣
2
︸ ︷︷ ︸
tISI,MRT2

.
(58)
Next, we will derive analytical expressions for the terms tISI,MRT1 and t
ISI,MRT
2 . Starting with t
ISI,MRT
1 , similar
to tISI,ZF2 , we get
tISI,MRT1 =
(
τuρu
τuρu + 1
)2 ((
(Mtot − 2)
(
1 + Tr
(
Ra′m
))
+
(
1 + σ2a′mm
))(
N +Tr
(
Rc′d
)
+Tr
(
Rc′od
))
+
(
Tr
(
Ra′m
)− σ2a′mm)(N2 + Sum(Rc′d))) .
(59)
In obtaining the final expression, we used Property 3.
Following that, tISI,MRT2 can be expressed, similar to t
ISI,ZF
3 , as
tISI,MRT2 = (Mtot − 1)
τuρu
(τuρu + 1)
2
(
1 + Tr
(
Ra′m
)) (
N +Tr
(
Rc′d
)
+Tr
(
Rc′od
))
. (60)
In obtaining the final expression, we used Property 1 and Property 3.
Finally, the total interference power is obtained by summing all the calculated interference terms. Then, it is
straightforward to re-arrange the terms and express the total interference power as IMRTRC + I
MRT
NRC,m after which we
reach the SINR expression presented in (25).
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